%46 5 %6 M AR FFIRCA BRAF ) Vol.46 No.6
2018 5+ 11 A Journal of Henan Normal University (Natural Science Edition) Now. 2018

XEHS:1000—2367(2018)06—0009—07 DOI1:10.16366/j.cnki.1000—2367.2018.06.002

B ST TR Rt SURBT R BRI . X &
A, B,

(LRI R a LRRE RSB bAF B SEAABE, I N 434020521712 B &, WD AR 999078)

O OE 0T S B R TR O SRS AT BB T (36D sl (5 ad) R 5 (s
Yido¢) s is HH B R BES T RAR E) T EATE & KR, IS G Nunokawa 5] 35 3 AR 2 & K&,

ISR RD ¢ A BT BR B IO B T 5 U0 B s Nunokawa 51 Bt

RESES 017451 MHERARAERD: A

W ARBNPMFAFBU={z € C:| =z [<1) NEARHEIFX f() =2+ Zamz’““ 1) B I fif AT R 5K
W.g MU WEITHMBA TN E X g(z) == + mezk”,f M g B Hadamard e (B EFD & XN

(fx‘g)(z) :Z+ Eak}lbk.12k+l

R f NBTF g it h f <g il f(2) <g(z)(z € U, MPFFAEU WK Schwarz BREL w (=) (FE U P i
Br B R w(0) =0, | w(z) |[<1WERFO HF1H f(2)=gw ) i, i g LU B, () <g(2)
FEMT £0) =g (O, fWU) C W) EXLE PERRTARR 2 p ()} >0z €U, p0) =1 K IELH R
Bop (O HBES O FRITA R ¢ (U) ™ BB & T LB X PRI BREL ¢ (=) € PHINER . H5 ¢ €
2f ()
F(

fo ) () €U UGy = ([ f € hig(z) € F <¢>,Z{ =)

D, CHRLT] B LT RER 7 (8) A ($) s C€(gog) N S ($)={f+ f € < ¢(2)z €U} U($) =

([ f€ a1+ < $(2),z €

U}.
AR, f(2) € a(p) BHAMN Y 2 () € 7 (). KT ik RS B HAMeT . v] LU B SCHk [ 2 — 8. 45t , SCik

INCPIOW N
Lol 5t T —RFrar iy skig EL (=) MR EA,gz(Z)*Z—’—EF(a/ﬁr—ﬂ)é'zkﬂsﬁia>oaﬁ>0,/\ >0,

Hp T R#BRMBEE, (@) =ala+ D (a+b—D.FERN  XRXRHUATHRZMEEE L .EL (2) =

2e*3E2 (2) = 2(2 + De 3E, (2) = zcosh(Wz)3ES, (2) = zcosh(Wz) + %z Jrsinh (Wz )3 El,(2) =

sinh (Wz)

z

Jz sinh (W2 )3E% ., (2) =%<ﬁsinh(&> + zcosh(Wz))3EL (2) =6(———"— D H KR E! (), 45

Wi B HE:2017-10-10;1& B H #3 :2018-04-26.

BELTH:ER AR EESL (11401186) ;b4 A F )T BB H (B2013181) 5 1t A H A B 2= H£ 4 (2013CFA0053)
KIL RS TREREAR SRR A 34 (2017KY10).

EEB A ABRA 981 —) L, HMKFE N KIT KSR 242, 058 7 10 Wiz B4 07 B 46 11 » E-mail : dujunjie0420 @
163.com.

BEEE /N KA980—), 5 WL S B TR 2 @I B8z 1 0F 5 7 ) 2 B 40 & il 48 11, E-mail : 1x[ei0828 @
163.com.



10 T IR IL K FIRCA RAF RO 2018 4

£ Hadamard . 5 X0 F 5 T 5L &M&J—‘+§jﬁ%%§%%mkw LRSOK R B EGR T
PR a8 on B LR IR AT R T IR €, B 0 R T I B SCRRC 10— 130, %5 53 0B L 5 T 1R
AR R
az (6 () =BE L f () + (@ — B E 4y (=) 1
2(E () ==, f () + A0 F (). (2)
ASCRIE T Rs &, & T 3 RERECkIT .
1 =(& [ ()

¢4 5 3O . - : /, ((2 e ’
i) {f S € dbiag () € T (P T

—77)<¢(z),z€U}, (3)

— ) <)z € U}, (4)

Gaof (2)
G pg (2)

Ba(geyidsd) =(f 1 f € Al g(z) € F <¢>,1i—n<<1—y> +

(& of (=)
STITENY
XHO0<p<1l.y =0.H ¢.¢ € 2453, 9 =0 B} .38 72,05¢) =52, ($). R Bk 3 %L
P S RO A IS B (E L 1T DLR AR — BB R TR AY pR K
(DB a=0,2 =1, W eAEE 75, (ps¢) HSCHRC14 T8 SO SCHR 15 J3EA T e AR 5
(DBl a =02 =1,9 =0, M KREH 71 ,0:¢) PEREE 7 (), 05¢,¢) NI TN HREL
MBRO B HARIE L SCHRC 16— 187t fife st A1 BE 89 89F 5. 28 A b 3 SR f4 B9F 5+ A S0 3 2R T
PRI FE bR 3 28 pR B I 4 75 00 R B LR R R AU iR B L % C R

—) < ¢(2)2 € UjJ. &)

1 FEHit

SIE 1M WRE A (x) U WM R B EL 2 2{Bh (=) + 7} = 0, BREL p(2) 76 U N B B 2
2p ()
Bp(z)+v
538 20 WAL A (2) MU BN EREL P .U — C AU NI IESZEB R B8 p (=) 78 U P HT H 3%
B p0)=h(0) =1, M p(z) +P(2) +2p'(2) <h(2)=p(z) <h(z).

p(0)=h () =1, MMNEXLR p(z)+ <h(z)=plz) <h(2).

EIHE 1 %5¢2{A}21—7y,;¢z{ﬁ}>1—7; Epf(z) # 0z € UN{O}), W

fwl(?] ¢)C (/Alg(n </>)C / ,3+1(77'¢)-
IERR SRIEMI A S ER () € Y1 (g5¢), HE XS
1 =& G

Ty aife DT )
i
1 (2(Ef ()
_ Y :
P 17/( Goaf (2) ’7) (D

BHEAE p (=) £ U WM H p0) =1, i (2) XA (7, v LIS 3] F 1w AY 45008 R
2 (&, f () (& f G FA—DE L f () :/\((%itglf(z>

Amwpttpra—1= ‘“.gf(z) A= G af () NI
XF (8) PR i1 BN i oK 8L 1
<1—77>p’<z> :<(<:i:;f<z>>’_<f::i_,,gf<z>>’ (9)
A—ppl)+p+a—1 &4 Eaf ()

L2 ()Y
S f

(1 —p=zp (=)

. A
T—ppCortgra—1 A

G54 (DA (9) 15 —A—pp) g+



% 6 HBRAF ORI ALTFRABLEZEZL GBI IR LGOS EZ 11

- 2p ()
”j‘p<z>+<1—q>p<z>+qﬂ—1' (10

1 [z(éﬁ_‘ﬁl‘f'(z))/—
L=y &/

1 (6) &5 A (10020, 153 F 1 59 M s ¢ &
2p(2)
A=—pp)+9p+2a—
HT ¢(zx) € QRETIERE H MHA—pé(x)+n+2—11 >Ap+a—1) =0, Bk, FHTH 1 HAD
K ABE p () < ¢ LB f(2) € FLu(ysd) L Y25 (54) C Fiu(nid).

THUEHABEE LR E () € Yi(p56), WMEAGK A

p(z)+ 1<¢(z). an

1 (2(&f (=)
1_77( ) qj<¢(z>. (12)
2
1 (2(& 40 f(2)) j
) — _ 13)
¢ (= 1—77[ G f () (
RHWAE g (=) £ U M H q0) =1. IO AR, FH
B Z((('?i.,eﬂf(z))/ B
1— B ==lestd 207 P o
( 77>q(z)+7]+a & f () +a
¢ — 2 (14)
éﬁ.gﬁf(Z) (gi.ﬁnL]f(Z) ’
(14) =2 79 ity BR800 >R 80 15
(1—pq () C(ELf ) (E o f(2) (15
—a A
(I*V)Q(Z)JFVJrﬁ*l Gt () fopn ()
a
‘ g 2GS () — =’
%%(13)5ﬁ$ﬂ(15)iﬁ,4§=w=(1—17)q(z)+77+ A== (z)ﬁ i
o8] % (A—pg)+p+5—1
a
(& f 4 e
T\ Capl iz (=gl +g+-—1
eA a2 . a6 X745
q() + =1 (2) 5 <), A7)
(1—77)q(z)+77+;—1
%jgs(z)e;yzﬂm{<1—77)¢<z>+r;+ﬁ—1}>éfz{r;+ﬁ—1}2o,%‘Uﬂﬁllﬁl$u<17)it,ﬁ%§IJf<z>e
a a

Fop (3 BE T8 5 (34D C Fipn (35¢). AAALE KERIFIE.
HER 1LARAES GBI T HMNES S EMEEENE g BB fEE 1 h 4 p=0. f
S T I (h). (18)
FE2 # 2MA) = 1,6 38(=) # 0z € UNOD) N GE (g3¢.¢) T CGa(sdad) CCGpn(gsdd).
R RIUEEBHBTRRE () € ¢ (g5é.¢) MWK T NEXR

1 (2 f )
177( gw;g(z) 7]]<¢(z), 19
XH Glg(z) € 7 (), EE5A8NH
2 (&g () (g ()
Gigr T T i e 0

Bl g (2) € 77 (Pr=E () € 7 (), Blid



12 T IR IL K FIRCA RAF RO 2018 4

2D

u(z) =

1 (z(ﬁi,ﬂf(z))/_ j

1—9 &,g() ’

RHBAE u(2) 75U W H « (0) = 1.8 D iE %21 . 5
[(1*77)u(z)+77](‘5ﬁ,i;g(z)ZZ(KQ,,@]"(z))/. (22)

BT 2 (Gaf () =, Gf (), X 22) XMk 2B 4 — pu’ ()@ g + LA — pulzx) +

71(E g () = (& 4 (=f (), B

(48 () 2 (& (2f ()

(A—pzu' () +[A—pulz)+ 7] & g (o) &g (o) (23)
ity . .eHR, 2itiES
() A Gf () 2 (N Q=D f (=)
g () A(iﬂg(z) z((@i,ﬁg(z))/+(A*l)(ﬁﬁ,ﬂg(z)
2(E () A—DE (=f ()
((;71 ((;A‘r /
a-ﬁg(z?‘ : v.pg (2) (- : U (z/) L pue) +a
2 (& 58 (2)) LoD 2 (& 58 (2)) A
G pg (2) Ehpg (=)
Jir LA
1 (=& 2u’ (2)
: —p|= M oE 24
1—;7( g (o) ”j W a1 20
o (& /
i Qe =B g € . T
(7a,,gg(z)
) 1 ., Q(x) +1—1 :
‘{Q<z>+,1—1} <'{<Q<z)+A—1)(Q<z>+x—1>}
1 ) RA—1)
,i/f A_l p >09
Qo a1 P HRE Al = =

FASIEL 2 F(19) O AT w(z) < ¢ B f(2) € Cu(ysgag) B EH(gsgad) T (psdag)s
SEV0 B 5 — 043 L UE W A 5 8 43 R B 1, 3 L TR A R A L

EFE3I #Hry =0, Ma,)gz) # 0z €U0, MR ,(9,7354:¢) TR ,(,05¢,¢).

R My =0, G5 BAR AL, R y >0 MBI & f(2) € B, (n.7 35690, B, A NE

KFHR
1 el (2) (& f () )
= (= ;— R 25
17(( Vg gy ) =)
g ()
XHE g (z) € I (¢g), B w <P Pz) € D.id
€ g (2)
1 (EGaf()
N - 7 . 2
s(2) 17][{%’/@(2) 77) (26)
BHEAE s () /£ U WM H s(0) =1. 26 A
[(1*77)S(z)+77]5f,,,9g(z):@ﬁ,gf(z). 27)

XD PR FEL S 1 — s () g () + [ — s+ ](E g2 =&, (=), B
(1 —ps' (D g (z) (& f ()

d — . 28
(& g (2)) (&e.pg (2)) 2%

A—=mpslz) +9+

AR CADINCADE- W <}
ol (=) ((“ﬁ.,@f(Z))/ 25’ (2)

, (1= )sC 1 — ,
B gy TN AT Y B
g ()

d—=m

(A%

XH P(2) = < ¢ ), HIWBBYE LM ¢ (2) € 2, 74 P (=)} > 0. 45525 . CHX A



% 6 HBRAF ORI ALTFRABLEZEZL GBI IR LGOS EZ 13

25 (2)
sCz) +7 P(o) < (2. (30)
i P Y P ()} 0 R 2 FI30) 5 A s (=) < $(2) B f(2) €
P(z) PP P2
(/fg.ﬂ(ﬂao;séasb).%Iig’TgfiIE.
1
T O < a < 1og (o) = (oS00, 13k 3 2 BRCHEE Ak B F6 o KL

I 0 (ge@) ={f [ E

(&, f(2))
o ( & f (=)
arg[zu;i,ﬂf(z))’

Ma.c)g(x)

Helytpap) =1+ S € i) € 7 (@),

Eapf (2)
INL gy sas) ={f+ f € A& ,g(z) € S (), | arg((1—7) #+
Erpg (2)
(& f ()
(&g ()

T B X LSRR R pR B Y — B

— \<“7“,z € U).

5| 3(Nunokawa 3[37) R p () FEU WIERT. p(2) # 0, HE X R p() =14 D p' (p, #

k=m

0). FAAFAEFEANTER 0 <o < 1HIU WA 20 (| 20 [< D MIETE | 2 |<| 20 | WA | arglp ()} |<%a(\ z | <

» )
;,Wffiﬁl>ﬁﬁiilzm’@ﬁﬁﬂgﬁz

I'I_:f —
‘Z(J ‘), Z’:E 2o éLﬁ | arg{p(m)} | 2 p(zo)

21l 0 . / i
Bl P GO s [ = diala > 0.

EE4 5 =1 D) =158, (0) £ 00 € UNOD JUFAE r = 0sm € NFTO <5 <
a
a s {Eﬁ%‘: (/l/i‘ﬁl(ﬁ 70') (@ //\/ﬁtg(ﬁ 9(1)7 izi
c=a —l—zarctan[macos(%a)/(r—l—masin(%é\))]. (32)

R % () € (.00, GO A

((/1+l
arg(ij<T;a(O<77<l;O<a<l), (33)
14+ = 45
TFEAE IR é&w(z)zexﬁwz)—( > € 2, ffify
1 (=851
177( EENTE qj<¢(z>. (34)
7E L
1 (=&, f (=) j
(2) — ' - 35)
v = (TS (

FHER 1 T (34) (35 A p(2) < (D). HT ¢(2) € 2, H p(z) # 0, H Itk arg{p ()} AEX.
1A RIE B E 2 B 4 B 58 AR ATTE — 20 (| 2z [<< 1) MR 0 <<a << TMFEAE |2 |<| 2, |

WA | arg{p(z)} |<Tc7a(| 2 | <<|zo D)o T 2o AbF | arg{p(z0)} \:%19 RIS 4 AFESLE L W L =

mCa+a ")

Z()p/(z()) 72ilarg{P(Zo)}
pz) 7

, (36



14 T IR IL K FIRCA RAF RO 2018 4

XHE [pz) ] =4ia(a > 0. AKX, A

ENf (2]
arg[%(z) - q)arg(i)(zo) + (

2o (20) j
1—pplz) +9+2—1

zop (zo)
drg(p(%)(l+P(Z<>)[(1—77)P(zo)+7]+/\—1]] arg{p(zo)} +
Z()p (Z())
! 37
arg( +P(Zo)[(l—q)p(zo)+r;+/1—1:|] 37D

BIABEHIE r(r > 0) FIEM 6 (0 <6 <<a) fli15

Z(éi.@f‘(zo))/ P2
T TN f A —1 = reE,
G fGo e

‘ (GGG
WRAE S 2, A arg{p(zo)}:%}‘, W (36) G arg[m

A=—pp)+ypt+r—1=

Ta ila 2
—7])—2+arg(1+re ) =
“70‘+ arctan[[acos(?)/(r + lasin(%x))] KOBIF, PN AmERE KU = lacos(%)/(r +
Zasin(%))ﬁiiﬁ]iii,IEIJH:FH(BZ)fi,ﬁ

2 (N (=)

argp (z,) arg( 7;) = Tt?a -+ arctan[macos(%?)/(r +masin(n7a))] :%.

((/Prlf(Z )
WIRTE R =0 A argl{p (z0) ) :*fz FHMAR S A
z(t““f(zo)) T ila =
argp (z,) =arg(% 7])2—2+arg(1 — e Ty <
Ta o . Ta _ w0
*7*arctan[macos(7)/(r—|—7nasm(7))]— 5

ZE g | arglp () [= - X H MG A0 ETE WA U WARFER =0 R | arglp(z)} [=

o
2
%,Eﬂxﬁﬁﬁz €U A | arglp()} \<“—“,En () € S, (nad. I 4 L.

) )RR B9 5 ¥ T LIS B 5 B 5 F 2 B 6.
EES #Haa) =1, ‘*;g&);éo(zEU\{0}>,)ﬂUﬁﬁrl>o,meN%uo§81<aﬁ1%%gf;<n,
o1:¢) C FCLu(gsasg), XH

o, =a -+ zarctan[macos(%sl)/(rl erasin(%al))].

FEG6 # 7 =>0,60,80k)# 0z € UMD JJFFETEr, >0,m € NI O <06, <o f#if3 925 ,0(p,7,

oos) C IR (505, EH 0, =a +£arctan(ma)cos(%)/(rz+
T

2 ZERIB

AR FEBERF R EL, ()Y 254 Hadamard 51 AR BT oR 8, & T =27 [ 1 i Bt i
B ek R B2 R T R g B R R AR e R R C R e . A5 3 T e & X R,
PN PREIS (R 58 UK T s AN AN B o B5 EL A M BT, 0 AT DOKE i 0 T AV 4 ) 31 2 m iR g X T 2 0 R
BOA TR PR 20, SCERL 21 — 23 TR AT i A I A F 58

g_ﬁ
2 % X #

[1] Ma W C,Minda D.A unified treatment of some special classes of univalent functions[ C]//Proceedings of the Conference on Complex A-

nalysis.Cambridge: Int. press,1992:157-169.



%6 M A F ARSI T TRMNBE X R ELG BT SR EHLEX AR 15

[2]  Seoudy T.Subordination properties of certain subclasses of p-valent functions defined by an integral operator[ ] ].L.e Matematiche,2017,
71(2) :27-44.

[3] Cho N E.Kwon O S,Srivastava H M.Inclusion relationships and argument properties for certain subclasses of multivalent functions asso-
ciated with a family of linear operators[ J].J Math Anal Appl,2004,292(2):470-483.

[4] El-Ashwah R M, Aouf M K.Differential subordination and superordination for certain subclasses of p-valent functions[J].Math Compu
Model,2010,51(5) :349-360.

[5]  Shenan J M,Elkhazendar M B, Fasfous W N.Neighborhoods and partial sums of certain class of analytic and multivalent functions invol-
ving the Cho-Kwon-Srivastava operator defined by convolution[J].IUG ] Natural Studies,2017,25(2) :56-63.

[6] Srivastava H M,Sharma P,Raina R K.Inclusion results for certain classes of analytic functions associated with a new fractional differinte-
gral operator[ J].RACSAM, Serie A, Matematicas,2018,112:271-292.

[7] Chen Y,Li X,Qin C.Inclusion relationships for certain subclasses of analytic functions involving linear operator[ ] ].J Nonlinear Sci Appl.
2017,10(5) :2689-2699.

[8] Murugusundaramoorthy G, Srivastava H M.Neighborhoods of certain classes of analytic functions of complex order[ ]J].] Inequal Pure Ap-
pl Math,2004,5(2) :1-8.

[9] Raducanu D.Third-order differential subordinations for analytic functions associated with generalized Mittag-Leffler functions[ J].Mediter
J Math,2017,14(4) .167-168.

[10] Ali R M,Ravichandran V,Seenivasagan N.Differential subordination and superordination of analytic functions defined by the Dziok-Sriv-
astava linear operator[J].] Frankl Inst,2010,347:1762-1781.

[11] Baricz A,Deniz E,Caglar M, et al.Differential subordinations involving generalized Bessel functions[ J].Bull Malays Math Sci Soc, 2015,
38(3):1255-1280.

[12] Baricz A,Kant S, Prajapat J K.Differential subordination and superordination results associated with the Wright function[ J].Bull Iran
Math Soc,2016,42(6) :1459-1477.

[13] Tang H,Deniz E.Third-order differential subordination results for analytic functions involving the generalized Bessel functions[ ]J]. Acta
Math Sci,2014,34B(6):1707-1719.

[14] Wang Z G,Xu N, Acu M.Certain subclasses of multivalent analytic functions defined by multiplier transforms[]]. Appl Math Comp,
2010,216(1):192-204.

[15] Darus M, Faisal I.Inclusion properties of certain subclasses of analytic functions[J].Rev Notas Math,2011,7(1) :305.

(167 AR H AT KB i A7 oK B L) ] 80 B 232, 2011, 31A(4) 1 1045-1054,

(17] WERH R 2N B S A T eR BT 1% B9 2R B L] 0 Vi K 2 22 4% CH AR BR 240D - 201639 (6) :865-868.

[18] #B.—KBA G R B G B i A7 sREE ) ] R W 2 B 2 4R (A AR RH# 0 L 2010, 26 (10) : 1-2.

[19] Miller S S,Mocanu P T.Differential subordinations-Theory and applications[ M].New York:Marcel Dekker Inc,2000.

[20] Nunokawa M.On the order of strongly starlikeness of strongly convex functions[ J].Proc Japan Acad Ser A Math Sci,1993,69:234-237.

[21] Cho N E,Kwon O S, Srivastava H M.Inclusion relationships and argument properties for certain subclasses of multivalent functions asso-
ciated with a family of linear operators[J].J Math Anal Appl,2004,292(2) :470-483.

[22] Srivastava H M,Patel J.Some subclasses of multivalent functions involving a certain linear operator[ J].J] Math Anal Appl,2005,310(1) :
209-228.

[23] Prajapat ] K,Raina R K, Srivastava H M.Some inclusion properties for certain subclasses of strongly starlike and strongly convex func-

tions involving a family of fractional integral operators[ ]J].Integral Transforms Special Functions,2007,18(9) :639-651.

Inclusion relationships for certain subclasses of analytic functions involving
differntial operator and subordination

Du Junjie', Qin Chuan', LI Xiaofei'*

(1.a.College of Technology and Engineering;b.School of Information and Mathematics, Yangtze University,Jingzhou 434020, China;

2.Department of Mathematics, University of Macau, Taipa 999078, China)

Abstract: In this paper,by using the operator ¢} ; we define three subclasses of analytic functions ¥ ;(93¢),€ 2 (34,

$)s R 5(qs73¢5¢) in the unit disc. The object of this paper is to investigate the inclusion relationship of these subclasses with

the theory of differential subordination .Combination with Nunokawa lemma, we also obtain the inclusion relationship of special

subclasses.
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